MTH 267, Exam #1, Fall 2022 Name

Instructions: Show all work. Give exact answers unless specifically asked to round. All complex numbers
should be stated in standard form, and all complex fractions should be simplified. If you do not show
work, problems will be graded as “all or nothing” for the answer only; partial credit will not be possible
and any credit awarded for the work will not be available.

1. Solve the first order linear ordinary differential equation y’ + %y = te 3! by the method of
integrating factors. (15 points)

2. Rewrite the Bernoulli equation t2y’ + 2ty — y3 = 0 as a linear equation. (12 points)

3. Solve the exact equation (x + y)?dx + (2xy + x? — 1)dy = 0,y(1) = 1. (15 points)



4. Suppose a tank of water initially contains 50L of pure water. Salt water, with a concentration of
100g/L is pumped into the tank at a rate of 2L/sec. Suppose that the well-mixed solution is
pumped out of the tank at the same rate.

a. Write a differential equation that models this situation. (5 points)

b. Solve the differential equation in part a. (10 points)

c. What is the equilibrium amount of salt in the tank? How long will it take to achieve 99% of
this concentration? You may round your answer here to two decimal places. (5 points)

5. Use Euler's method to estimate the solution to the IVP y' = y(3 — ty), y(0) = 0.5. If you want
to know the value of y(2), and will estimate it using 10 steps, find the first three steps of this
calculation. (You should use a minimum of 4 decimal places. Use technology to find the rest.)
(15 points)



dy _ x2-3y? .
= Zxy . (15 points)

6. Solve for the general solution for the first order homogeneous equation

7. Use improved Euler’s method to estimate the first three steps of the calculation for the ODE
y' =3+t —y,y(0) = 1 using the step size h = 0.05. (14 points)

8. Repeat the calculation above using Runge-Kutta for just one step. (12 points)



9. Verify that x,xz,i are solutions to the ODE x3y""" + x2y" — 2xy’ + 2y = 0. (12 points)

10. Graph the direction field for the equation y’ = y(y? — 4) by hand. Note any equilibria and
describe their stability. (10 points)

11. Use the properties of the Uniqueness and Existence Theorem to determine where the
. . . In(x?- . .
differential equation y' = % is guaranteed to have a solution. Sketch the graph of the
X2y

restrictions. (15 points)



12. Solve the differential equation

= ,¥(1) = 2 using separation of variables. (15 points)

dy y?+1
dx xy

13. Classify the differential equations by order, linearity and whether it is ordinary or partial.
(9 points each)
v _

a.
dt

t2y — cost

b. (%)2 =Int+y

Co Uyy — Uyy = Uy

_ x(r*+x)
==
Select two different sets of initial conditions and plot the trajectory of the graph from that point.

Note any equilibria (points or lines where the slope is zero). Attach your graphs. (12 points)

14. Use technology to graph the direction/slope field for the differential equation Z—z



15. The brewing pot temperature of coffee is 1802 F. The room temperature is 762 F. After 5
minutes, the temperature of the coffee is 1689 F.
a. Write a differential equation to model this problem. (3 points)

b. Solve the equation with the given initial conditions. (5 points)

c. How long will it take for the coffee to reach a serving temperature of 1552 F? (3 points)

Modified Euler’: y,,,1 = y, + hf [tn + %h, Vo + %hf(tn:}’n)]

Runge-Kutta: y,41 =y + h (kn1+2kn2+2kn3+kn4)’

6
1 1
kny = f(tn:yn)' kn, = f (tn + Eh' Yn t+ Ehknl) ’

1 1
kn3 = f (tn + Eh, y‘n, + Ehknz);knzl. = f(tTl + h,yn + hkn3)



