1ODE

Unit 3: An Analytic Approach

Comparing Predictions

P
Jerry and Tom are using|the differential equation (LTt =0.2P tom

particular species of fish in Lake Michigan. They know that the initi
before, think of 2 as scaled for say, 2,000 or 20,000).

Although Jerry and Tom| have the same goal (to obtain predictions
different approaches to achieve this goal.

e Tom’s approach is

tip-to-tail, where the rate of change is constant over some time

e Jerry's approach is to create a graph of the number of fish
changing rate of change.

1. Sketch Tom and Jerry’s approaches below. Will these two app
for the number of fish in, say, 2.5 years? If yes, why? If not,
approaches be different?

4

predictions about the number of a

population P is 2 at time t = 0 (as

r future fish population), they have

to create a graph of the number of fish verfus time by connecting slope vectors

interval, for example At = 0.5,

ersus time by using a continuously

aches result in the same predictions
w and why will the graphs of their

o
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Unit 3: An Analytic Approach

Separation of Va

2. Finding the exa

change, which corrfsponds to finding an “exact solution.”

(a) Why do you think the phrase “exact solution” is used to dfiscribe the result of Jerry’s approach?

riables

ct solution. Jerry’s approach involves uing a continuously changing rate of

Explain why it is appropriate to describe the result of ffom’s approach as an “approximate

solution”.
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(b) Use the chain
P is shorthand

rule to write down, symbolically, the derivafive with respect to ¢ of In(P), where
| for P(%).
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Unit 3: An Analytic Approach

Next you will learn
begin by considerin

(¢) The following

P > 0. This
algebra easier

a technique for finding the exact solution ¢
g the chain rule.

is a method to find the analytic solution

assumption corresponds to the population
and hence the underlying idea clearer.

rc—-spondlng to Jerry’s approach. We

dP
T = 0.2F. For now assume that

rowth context and it will make the

Divide both sides of
AP :
4 = 0.2Pby P Loar B
Y,
Replace & 2E with [In(P))’ .
(l2)” = b2

Write integrals with respeet to
t on both sides J _ j DL

C [n?) - :
Apply the |Fundamental The-
orem of Calculus to integrate
both sides {V\ P - 2k + (
Solve for P (and remember
that P is actually a function, oli ~c
P(®)) P= e =
Show that P can be written as ? = 60-2 * ef’ ,@_u— gF= k. a_b =
Pt = ket

Pl ke

The end result, P(t

(l) = ke®?" is called the general solutio

functions that satisfy the differential equation. We can use the g

solution, which is

3. Use the same technique to find the general solution to v

2 dy
dt

§6%) o -

3y =it

a solution that corresponds to a given initi

dy t

3y? d‘\ .

(Y

&tcﬂ" — \/3 :j’Lz-t-C.

because it represents all possible
eral solution to find any particular
condition.

. The first step is done for you.
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TODE Unit 3: An Analytic Approach

4. In practice, we oftén circumvent explicit use of the chain rulfand instead use a shorteut to more

efficiently find the general solution. The shortcut involves tre ing the derivative %‘;3 as a ratio and

“separating” the dI? and dt. In the table below, follow the instrlictions to see how the shorteut works,

d
using again the equation = 0.2P. (See http:/ /kevinboon et/separation_variables.html) for a

nice explanation of the shortcut).

FSeparate’ the (P from the d¢ so that

dP and P are|on the same side. (If aP 5 0.k
there are t’s in the equation they must P '

8o on the same side as dt.)

Integrate both|sides of the equation P
(oue side with respect to P, the other S é- =
with respect to|¢)

3 S 0.4+ 7 02f+C

Continue as before to arrive at a solu-
tion of the form P(t) =

d t
5. Use the shortcut to find the general solution to d‘? = —.

[ 342y e dt

L
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Unit 3: An Analytic Approach

Making Connecti

7. For the first slope fi

(a) Using Jerry’s

condition L(0)

(b) Make a copy o

(c) If you wanted

at all, might y.

of the solution
approach?

(d) Find the gener

understood fro

8. For the sccond slope

(a) Using Jerry’s approach, sketch as accurately as possible
=1/2.

condition A(0) =
(b) Make a copy of

(¢) If you wanted t
might you move

solution with initial value 1?7 Explain your ide
Sﬁ S‘T
{ soluti f dh
1 solution for 0
understood froi

sense.

(d) Find the gener

J o<

h=-2f

9. Give an example of a

provide reasons for yo

approach, sketch as accurately as possible
[ this sketch on a transparency.

ou move the copy of your graph with initi

al solution for — = 0.5(1 = L) and explain

m the general solution.

ons

cld for 4k = 0.5(1 — L) on the following pagc,

graph of the solution with initial
=1/3.

to obtain the graph of the solution with iRitial condition L(0) = 1/2, how, if

value 1/3 so that it is now a graph

with initial value 1/2? What feature of t differential equation justifies your

ow your results from part 7c can be
9L Ly
Thegpaph vneenases
[01/ waw-cﬂ) wip bo L=1
EIREY Xy | @Jika\/c )
2 [ + [ EOS -0 iy
. Noncamdal

L

IhlL-t| = ~0s ¢
L=\ _,_ke/-—a.st
L=|+ke™

—t+1 on the following pago

L-1)

field for dff‘

dt

graph of the solution with initial

this skeich on a transparency.
obtain the graph of the solution with initil] condition h(0) = 1, how, if at all,
the copy of your graph with initial value /2 so that it is now a graph of the

a and provide reasons for why: your idea makes

= —t+ 1 and explain ho

your results from part 8¢ can be
the general solution. J\

£ ) dut
ke & Sbafr welical)

feody

differential equation where neither of your Kleas from 7c¢ and 8¢ will work and

Ul response.

Ly
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10DE Unit 3: An Analytic Approach

Slope Field for % =0.5(1 - [

Slope Field for % =—t+1
h
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