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Unit 4: Linear Differential Equations

A Salty Tank

1. A very large tank in
containing 1 pound o
minute, while a well-

(a) Should the rate
tank, the time £

UeD = b

tially contains 15 gallons of saltwater contfiining 6 pounds of salt. Saltwater
f salt per gallon is pumped into the top offthe tank at a rate of 2 gallons per
mixed solution leaves the bottom of the tank at a rate of 1 gallon per minute.
of change equation for this situation dependfjust on the amount of salt .S in the
or both S and t?7 Explain your reasoning.
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(b) The following is

like this where there is an input and an output:

Using the above
Hint: Think ab
in pounds.
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a general rule of thumb for setting up rat@ of change cquations for situations

rate of change rate of change in — rfite of change out

uation for this situation.
is the amount of salt in the tank

rule of thumb, figure out a rate of change
out what the units of ‘é—‘? need to be, where

S(0): 5
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it 4: Linear Differential Equations

(¢) Use the slope Pﬁeld for this differential equation in the Geo@Gebra applet,
https://ggbm.at /PTRcbkbZ, to sketch a graph of the solufion with initial condition S(0) = 6.
Reproduce this|sketch below. Estimate the amount of salt in the tank after 15 minutes.
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it 4: Linear Differential Equations

The differential equation y
of separation of variables i
means it has the form

where g(t) and r(t) arc ha

The following technique,
solution to a first-order li

2. Review the product
represent the produc

Consider the differe

equation, where ¢(t)
finding the general s
from a creative use

the previous technique of separation of variables.

Illear equation.

ou developed for the salty tank is not separalile, and therefore using the technique
s not appropriate. This differential equation is called first order linear, which

dy

dt

th continuous functions.

+g(t) -y =r(t),

which we refer to as the reverse product|rule, can be used find the general

rule as you remember it from calculus. In general symbolic terms, how do you
t rule? How would you describe it in word

(49)"= 9 9'f

d,
ntial cquation K 2y = 3. Note that tifis is a first order lincar differential
and r(t) are both continuous functions. The following illustrates a technique for

olution to linear differential equations. Thelinspiration for the technique comes
of the product rule and the Fundamental Tlieorem of Calculus, as well as use of

Use the product ru

le to expand (yu)’. Box

0

. dy
{tn the equation 27
Y

!
g as Y.

+ 2y = 3, rewrite Box

1

equation in Box 1
expanded product
the function u. So
by u, a function tha
shortly.

Notice that the left-hand side of the

Box

looks a lot like the
rule but is missing
multiply both sides
t we will determine

2

Because, so far, i

Use v = 2u to re
side of Box 2 to lo

tion, we can have wu satisfy any differ-
ential equation that we want.

s an arbitrary func-
|

write the left-hand
ok like Box 0.

Box 3
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nit 4: Linear Differential Equations

Use separation of variables to solve Box 4
u' = 2u.
gé& 10 = [nw=2k+cC
w
w=e"  (onmic)
Replace u in the equation from Box 2 Box 6
with your solution from Box 4 e’M‘ ! N - -
: : Y *3e 'y = de
/
s lL Fiaa B
Show that the eqhation in Box 5 can g
20\ _ o2t

be rewritten as (ye®) = 3e ( 'Lr')l 2 &z..i-
Hint: Consider Box (. "16
Write integrals with respect to ¢ on | Box 7
both sides. Apply the Fundamental 2 - S v
Theorem of Calculus. (YC’ 2 Ou—

. - . T Box 8
tham an explicit solution by isolat o s
ing y(t). Y € . +C

3. Use the previous te

At

4t 3 L gog

chnique, which we refer to as the reversd product rule, to find the general
solution for the Salty Tank differential equation from Problem fi.
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nit 4: Linear Differential Equations

4. (a) Use the general solution from problem 3 to find the paificular solution corresponding to the

initial condition S(0) = 6 and then use the particular sol
in the tank after 15 minutes. That is, compute S(15).
estimate from problem lc. Is it? If not, you likely made
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b) What does your solution predict about the amount of s
¥
about the conJ:ontration?
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ion to determine the amount of salt
our answer should be close to your
algebraic error.

Strs) =28, &
It w dw‘.
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in the tank in the long run? How
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(c) Explain how you can make sense of the predictions from #b by using the differential equation

itself.
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