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Sum and Difference Formulas
Product-to-Sum Formulas

Sum and Difference formulas:
sin(a + ) = sina cosf + cosasinf
sin(ae — ) = sina cosf — cosa sin B
cos(a + B) = cosacosf + sinasinf
cos(a — B) = cosacosf —sinasinf
tana + tan 8

tan(a +f) = ————
an(a + ) 1—tanatanf

tana —tan 8

t. — =
an(a = f) 1+ tanatanf

Example.
cos(75°) = cos(45° + 30°) =
cos(45°) cos(30°) + sin(45°) sin(30°) = (\/—19 <§> + (\/—19 (%) = \/i/-;l
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sec(75°) =

Example.
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Example. >
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Suppose csca = 3,in Q1 [O’E]’ tanf =-7,Q2 [E’”]'
Find the following angles:
sin(ae — B) = sina cos f — cosa sin B 9 - R
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tana + tan B

tan(@ + ) = ————— =
an(a +4) 1—tanatanf
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Example.
Suppose sec(a) = — Q2 andtanf ==,in Q3 5 |;5'c|
Find the following values g}
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cscla —f sm(a [S’) 4
sin(ae — ) = sina cos f — cosa sin B q
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1 1+ tanatanf
t —_ = =
cot(@ = ) tan(a — ) tana —tanp
tana —tan
tan(a - f) = 1+ tanatanf
4\ (24 32
1+tanatanp 1+ (_—3)(7) B 1—7(21) 21-96 75 3
tana —tanf (_ﬁ)_(ﬁ) ~ 100 ~ —-100  -100 4
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Example.
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arcsin (13> a L
sin(a) = 3

/s
sin(a + B) = sin(a+z) =sinacosf + cosasinf =

@@+ -me



cos(arcsec(3) + arctan(2)) % 1 %
A a4

sec(a) = 3,tan(B) = 2 l /_J |

cos(a + B) = cosacos B + sina sin B
vz vz
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sin(a + ) — sin(a — ) = 2 cos(a) sin (B)

Verify the identity:

(sinacosf + cosasinfB) — (sina cosf —cosasinf) =
sina cosf + cosasinff —sinacosf + cosasinff =

2 cos(a) sin(B)

QED.
Verify the identity:
sin(a + B) 1+ cot(a) tan (B)

sinfe —B) 1 — cot(a)tan (B)

1
sinacosf + cosasinf sinacosf +cosasinf [ sinacospf

sinacosf —cosasinf sinacosf — cosasinf 1
sina cos

. 1 _ 1 cosasinf
sina cos f(Srzeasp) + €05 @506 (Sirzeasp) _ (Srecosr)
) 1 _ 1 cosasinf
mnacosﬁ(m) - COsasm'g(sin(xcosﬁ) 1= (sinacosﬁ)

N (cos a) (M

_ sin a cosﬂ) _ 1+ cotatanf
- 1 — (cosa) (sin[)’) " 1—cotatanp

sina/ \cosf

QED.

Product to Sum formulas (obtained by rearranging the sum and difference formulas)

cosacosf = %[cos(a + B) + cos(a — B)]

[EnN

sinasinf = —=[cos(a + B) — cos(a — B)]

ol )

sina cos B = 2 [sin(a + B) + sin(a — B)]

If your product is cos a sin f3, just switch the order and apply the bottom formula.

Apply the identity to rewrite the product as a sum.



Example.

cos(30) cos(50) = [cos(80) + cos(—20)] =

N| =
N| -

[cos(368 + 58) + cos(36 — 50)] =
%(cos(89) + cos(20))

Example.

sin(30) sin(20) = —%[cos(a + B) — cos(a — B)] = =[cos(a — B) — cos(a + B)] =

N =

[cos 8 — cos(50)]

N =

—%[cos(SG) —cos(0)] =

These sum to product formulas also exist, but to derive them we would need additional identities we will
work with in the next course. They are uncommon, and | won’t be testing on them in this class. | include
them here for completeness.

Sum to Product Formula

x+y x-y
€os X + cos y = 2c08 s cos
o XFEY XY
€oSs X — cos y = — 2sin sin
' 2 2
. . e X o X
sin x + sin y = 2sin cos

; ; TR IR |
sin x — sin y = 2€0s —=—sin—

Next time: we’ll do the double angle, half-angle, and power-reducing identities.



