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Math 2558, Exam #3 - Part 1, Summei 2013 

I

Instructions: On this portion of the exam, you may NOT use a calcula
be supported by work to receive full credit.

t .  Find the eigenvalues and eigenvectors of the matrices below. Be
characterist ic equation, and which eigenvalues and eigenvectors

a. ,=l f  l r l
/ ^  \( - 5 - z . )  ( , - h )  - 3 s  =  ] +  3  *  x + ^

^ - + t ^  - 3 2 = o
/ \ . \

t A r < ) C l - ' r ) = q )  A , :  - k r  \ -

f - g - ( - r )  +  1 .  [ s  |  3 x , = - 4 x z
L  s  - r - G e r j  U s  v  J

f  -+ + I  -?xr  - -  -?x.  f  l - l
l _
f  s  - s  J  r r = x z -  t -  L , l  J

Xu -- X-

b.

= \b -r B^-r7$ -t

- 8 * r l  - t o o
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=  S t  Az_
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-.  - \1t si8 J

( - q

- 8  r
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7-'

( - l - fqr -sr )  S 
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L -5 -1-t- .r*si)  I

:t
V r =

G=:7
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For the m.atrix , = 
[3 ]], 

witneigenvatues ilt = 3,lz = Z and rcd - [ t ] ,q= 
[_n ] ,

find a similarity transformation matrix p so that A can be diagona
(6 points)

ized. Clearly state both P and D.

? t: :=l T \ ^
\ J _

3. Suppose matrix A is a 8x6 matrix with 4 pivot columns. Determ the fol lowing. (12 points)

d i m C o l  o =  * d i m  N u l A  =  L

lf Col A is a subspace of R'o ,

l f  Nul A is a subspace of Rn,

4. Given the vectorsr = 
[+] 

,, =li] rind the rorowing.

a. 0 ' tL (3 points)

?r ) ( r ) t  (DCt \  +  (q )CD =  -1  -q K - - ( 2



- t  \ +Y : , t r

A unit vector in the direction of d. (3 points)

Find the distance between iandfr. (3 points)

c.

e. Are d and d orthogonal? Why or why not? (3 points)

.i] 
t' '"''te the5. Consider the stochastic Markov chain matrix given by the matrix

equil ibrium vector of the system. (6 points)

doF Pn l"^t a

-4 Xr = - , j l . .z-

x r = / i r u
/ , 4

K l =  X z

j+'( --7

.alu/
7\(-/



6' List  at  least 8 propert ies of Invert ible Matr ices from the Invert ible Matr ix Theorem. (8 points)
r)
2h- ,Wa* t . .p4s , "  _ \  /  ,

,i * ,* ,,,,_,,,1,r,r,ii.i,,{:t, 
8) r*oh\* c*v''sk &'t24" ({+'or''l'

,) Cr-l A'/ ,r '  ," '- \ n A3) d/,r,i lJ""l fr ' 0

4) ru ' , . fuA= n
s )  N n l  . l - = ' 5 d t
b) rrl"t't't-p,o /o ttl f Y\ i C'a"'1'"f.1

7 .  Determine 
f{ach statement is True or False. (2 points eadh)

a. (!| F Two eigenvectors corresponding to diptinct eigenvalue are always
linearly independent,

An nxn matr ix wi l l  a lways have exact l i r  n eigenvalues.

l f  A and B are row equivalent,  then their  row spaces are the same.

P6*B -= (PB*c)-t

A l inearly independent set in a subspdce H is a basis for H.

The equi l ibr ium vector for a stochast ic matr ix (containing no 1"s or 0s) is
always unique.

T

( r  )

u/
T

Ef

T

T

/ r  T  \
\\Z/

(  r , )
\V/

T

T

o

b .

c .

d .

e .

f.

k.

L

m .

( r  )
\--z-

F

F

( . r  )

F

o
@

F

o
o

F

?) fla-"r$o" r,t-,* &-.rrv, u-)n fitt - h- c:v,t_

g

h

I

A matr ix is not invert ible i f  and only i f  0 is not an eigenvalue of A.

The eigenvalues of a matr ix are on i ts main diagonal.

The eigenspace of an nxn matr ix with n dist inct eigenvalues always form
a basis for R' .

A trajectory of a dynamical system is 4 set of ordered vectors x/ tnat
tracks the populat ion values ofd systeim over t ime.

The elementary row operat ions of A do not change i ts eigenvalues.

l f  A is diagonal izable, then A is invert ible.

The complex eigenvalues of a discrete dynamical system either both
attract to the or igin or both repel f rom the or igin.



P= T' 7T
L =

Use the C matrix from part a, and f ind the scaling factor and
of the matrix. Round your angle to 2 decimal places in radia
(6 points)

e igenvec tor "= [ ]  * [T ] t

c= [ t  - :1
; \  =  e - b i

1 '=zt  b  =  {

Name
Math 2568, Exam #3 - part 2, Summer 20L3

f nstructfions: on this portion of the exam, you moy use a calculator
operations. Support your answers with work (reproduce the
other justification for full credit.

perform elementary matrix
matrices from your calculator) or

t. a. For the matrix |  |  L9 1olJ = 
l"_Z ,t l ,  

witt t  eigenvalues 7 = 27j 4i,
Find one similari ty transformation p that wil l  transform B=pcp-l,
State both P and C. (6 points)

*Ll

Z I

C is a scaled rotation matrix.

calculate the angle of rotation
or to the nearest whole degree.
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2. Assume that I =

0
-1  I

a. Find a basis for the column spaceof A. (5 points)

n*$+

N ,

X,
X s

Y 1

x t

U( / = eyta'u-

Find a basis for the row space of A. (5 points)

X ,  - t  2 t -  t - 3 F l

(9 uao- 
&r* 3 yDy$s ,tb E

c. Find a basis for the null  space of A, (g points)

= o -  7 Y -

K'-

- x l

X 1

(>

- 3/. t

.1- Xt :-.o

{'^t-'-

X 3

Xr
Xt

N,,J A



Given the basesB = {1 + t  -  z* ,L  + 4t  _  St2,L _ t  +  +tz | C  = t Z - t + z t 2 , I - Z t +
3t2,t + 2t2j below, f ind the change of basis matrices p and P For the B-coordinate vector

<-c

d f ind the original p(t) in thethe C-coordinate vector for

o l - r  t
h . =  [ r  \ -v  v z - >

f z t
O  =  f  - r  - z1 ( -  

f  z  3

a. Determine the behaviour of the origin for this system:
saddle point? (7 points)

- "X t , 2s - l )  +  ( , zL )C3 )  =o

} =  " 6 o 1 8  
' \ =  / , l Y l 8

?' ( e B

r-
LJ

4.
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/ z
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h tz  r
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L f'l
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l-,wg
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L  ' L '

s  r l
t .-.22 1.251

a repeller, an attractor or a

o)t-q'_

{ t =



b. Given the init iat condit ion of the population as xe = 
[;] ,

the system and list them here. plot the points on a gripl

10 points of the trajectory for
together with the eigenvectors of

the system. Make sure your graph is big enough to clea read it. Connect the trajectory
with a curve and an arrow indicating the f low of t ime. (1

I s - - f r , r r . . 1  ,  K 6 =
l z , o t  J  

'  e

t f  =  l=  u t ,Er ' . )  , x ,o  :

l "  ( q t

ry) :  '6ot  8

nal under'the inner productDetermine if  the polynomials /(x) = sin x , g(x) = sin Zx are'o
1 f ,g > = I:rf  (x)g(x)dx, [Hint:you mayfind it  hetpfutto h
2 sin(x) cos(x) to complete the integration. you may use your
you should show more than just an answer.l  (6 points)
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