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Vector Fields (16.1)

Is a vector function, defined in more than one variable, that describes the magnitude and direction of a
vector associated with every point in space (2D, or 3D or higher dimensions).

F(x,y) = (xy,y? — x?)

F(0,0) = (0,0)
F(0,1) =(0,1)
F(1,0) =(0,—1)
F(0,—1) =(0,1)
F(-=1,0) =(0,-1)
F(1,1) =(1,0)

F(1,-1) =(-1,0)
F(-1,1) =(-1,0)
F(-1,-1) =(1,0)
F(2,1) =(2,-3)
F(1,2) =(2,3)
F(2,2) = (4,0)

https://www.desmos.com/calculator/eijhparfmd
https://www.geogebra.org/m/u3xregNW

16.2 Line Integrals

Line integral: one application of a line integral is to find the work done moving along a path (defined by a
vector-valued function) through a force field (vector field).


https://www.desmos.com/calculator/eijhparfmd
https://www.geogebra.org/m/u3xregNW

J.f(x,y)ds (version 1)
along a path

a function describes the force in space (mass density, etc.), integrating

x =x(t),y = y(t)
C=r(t) = (x(®),y(®))

e (2
5= [\t dt

Version 2 — vector field F defines the force

fﬁ-d?sz-r’(t)dt
c c

Make substitutions for x and y (and z) in the equation for expressions in t from the path.

F = (xy,y? — x?)
C=r()=(2t—1)
F=(2t?>—t3t>—4t+1)

Limits of integration depend on the limits of t in parametrized curve

Version 3 is actually related directly to version 2, but with different notation (differential form)

dex + Qdy + Rdz
c

Vector field F = (P(x,y,2),Q(x,y,2),R(x,y, 2))

Examples.

dr =r'(t)dt
r(t) = (x(), y(t), z(¢))
r'(6) = (x'(6),y'(©), 2'(D))
dx = x'(t)dt,dy = y'(t)dt,dz = z'(t)dt

Joxy*ds, Cis the right half of the circle x* + y* = 16

r(t) = (4cost,4sint)
T

T

ji(él cost)(4sint)*\/(—4sint)? + (4 cost)2dt
2

T

2
45fncostsin4t\/16sin2t + 16 cos? tdt

T

2
45 f _cost sin* tV16dt
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46 f costsin*tdt
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u =sint,du = costdt

. 1 . 465 1 6
4 f u*du = =—(2) =1638.4
1 5 5

-1

Evaluate the line integral fCF - dr for the given F and r(t).
F(x,y) = (xy,3y?),r(t) = (11t4,t3),0<t < 1

r'(t) = (44t3,3t?)

F(t) = (11t7,3t®)
F-dr =F r'(t)dt = 484t + 9¢8

1
f 48410 + 9¢8dt = 44t + t°|§ = 44+ 1 =45
0

f y+2)dx+ (x+2z)dy+ (x +y)dz
c
C is the line segments from (0,0,0) to (1,0,1), then to (0,1,2)

r(t) =(0,t),0<t<1

1
fl(o +t)(Ddt + (t + t)(0)dt + (t + 0)(1)dt = f 2tdt = t?|§ =1
0
0

rnt)=(1-tt1+t),0<t<1
v=(-111)

1
J(t+1+t)(—1)dt+(1—t+1+t)(1)dt+(1—t+t)(1)dt
0
1
f (2t + 1)(=1) + (2) + 1]dt
0

1
f (—2t+2)dt =—-t?2+2t|fj=—-1+2=1
0

The final line integral value is 1+1 = 2.
Partial Derivatives (14.3)

One variable derivatives: our definition was based on difference quotient, took the limit as the points
got closer together
d x+h)—f(x
Foy=Y = [EH /)

X h-0 h




In multiple variables, we can only do in one variable at a time

ﬁ@yr€f=mfﬂ+hw—ﬂmw

X h—0 h
d , ¥+ h)— ,
o) = 2y [y 0

When you take the partial derivative with respect to x, you treat y as fixed: you treat it as a constant
When you take the partial derivative with respect to y, you treat x as fixed: you treat it as a constant

fO,y) =y*—3xy
fx = -3y
fy = 5y* —3x

g(x,y) = tan"*(xy?)

1 2
= Tx G
1
9y =w(2xy)

Higher Order derivatives do not have to be in the same variable as the first derivative
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fox = ﬁ;fjﬁz = a—yz,fxy = W — 5
fxy» fyx Mixed partials
flx,y) = x*y’ +8x%y

fr = 4x3y3 + 16xy
fy = 3x*y? + 8x?

fex = 12x%y3 + 16y
fyy = 6x4y

fry = 12x3y% + 16x
fyx = 12x3y% + 16x

r(u,v) = (x(u,v),y(u,v), z(u, v))

= (xu (w,v), Yu (w,v), zy (u, U))
1 = (X, (W, v), ¥ (W, v), 2, (W, v))

r(u,v) = (3 cos(u) sin(v), 3 sin(u) sin(v), 3cos (v))



1, = (—3sin(u) sin(v), 3 cos(u) sin(v), 0)
1, = (3 cos(u) cos(v), 3 sin(u) cos(v), —3sin (v))



