6/11/2024

Tangent Planes and Normal Lines — Rectangular (14.4) and Parametric form (16.6)
Arc Length and Curvature (13.3)

Tangent Planes are planes that are tangent to a surface and approximate the surface at the point where
they touch. Planes are defined by a vector that is perpendicular to the plane. What we want is a vector
that is perpendicular to the surface at a given point. From that perpendicular vector, we can calculate
the tangent plane, and the normal line (is a line that is perpendicular to the surface at that point, and
perpendicular to the tangent plane).

z=f(x7y)
VE={fufy)

The problem with this, is that the gradient vector is only in two dimensions, and we need a vector that
exists in three dimensions.

Transform our function z = f(x, y) into F(x, y, z) by moving everything to one side of the equation.
Either:

F(x;y'Z) =z —f(x;}’)
F(x;y'Z) :f(x'}’) —Z

Perpendicular to the plane is the gradient of the big-F function.

VF(X, Y, Z) = (—fx(x, y)' _fy(x')’)' 1)
Find the tangent to the surface z = 2x2 + y? at the point (1,1,3)

F(x,vy,z) = z— 2x% — y?
VF = (—4x,—2y,1)
VF(1,1,3) = (—4,-2,1)

Plane:
a(x —x0) +b(y —yo) tc(z—29) =0

Line:
(x — xp) =)"3’0 _ (z — zp)

a b c
7(t) = (at + xq, bt + y, ct + zy)

Tangent plane:
—4(x—1)-2y—-1)+1(=z—-3)=0

Normal line:
x—1 y—-1 z-3

—4 -2 1

P(t) = (-4t +1,-2t+1,t +3)



Example.
z =In(x — 2y),(3,1,0)

Find the equation of the tangent plane and the normal line at the given point.
F(x,y,z) = z—In(x — 2y)

F=( 1
vE=A x—2y'x—2y’ )
VF(3,1,0) = (—1,2,1)

Tangent plane:
—-1(x—-3)+2(y—-1)+1(z—-0)=0

Normal line:

7(t) = (=t + 3,2t + 1,t)

Implicit functions: for the tangent line, we don’t need to solve for z first, we can just move everything to
one side, and then take the gradient. (However, later, for surface area and other applications, we will
need to solve for z first, and make the function explicit.)

Example.
Cone:
z2 = x? + y?

Find the tangent plane to cone at the point (3,4,5).

F(x,y,z) = z? — x? — y?
VF = (—=2x,—2y,2z)
VF(3,4,5) = (—6, —8,10)

Tangent plane:
—6(x—3)—-8(y—4)+10(z—5)=0
Normal line:
x—3 y—4 z-5
-6 -8 10

7(t) = (—6t + 3,—8t + 4,10t + 5)
z=4/x%?+y?
F(x,y,z) =z —x? + y?

1 1 1 1 y
VF = (=5 G2+ 272020, 5 (2 +¥?) 2(2), 1) = (-

\/x2+y2'_\/x2+y2’




VF(3,4,5) = 3 41)
Y] - 51 51
Tangent:
3 4
—g(x—B)—g(y—4)+1(z—5)=0
Etc.

Parametric Surfaces.
We still want to find a vector perpendicular to the surface:

Fw,v) = (x(w,v), y(u,v),z(w, v))
Find a tangent plane to the parametric surface at the point (5,2,3)...

The point given in space is typically in (x,y,z) form, and not in terms of u and v. So we will have to do
some algebra to get the values for u and v that we will need.

1y = (x (W, ), 1y (u, ), 2, (u, v))
1y = (% (W, ), ¥ (W, v), 2, (w, 1))

Both of these derivative vectors are in the plane of the tangent. To obtain the perpendicular vector, we
need to do the cross product.

Perpendicular vector will be:

i j &k
ru X rU = xu Yu Zu
xV y‘U Z‘U

7(u,v) = (u? + 1,v3 + 1,u + v) at the point (5,2,3)

Find u and v for this point.

u?+1=>5
u==

v3+1

N

2

3

N =y

v
u+v
u=

(u,v) =(2,1)

7, = (2u,0,1)
7 = (0,302 1)

7,(2,1) = (4,0,1)
7,(2,1) =(0,3,1)



Tangent plane:
—3(x—-5)+4(y—-2)+12(z—-3)=0

Normal line:
x—5 y—2 z—-3
-3 4 12

7(t) = (=3t + 5,4t + 2,12t + 3)
Arc Length and Curvature (13.3/3.3)

Recall from parametric equations, that the arc Iength formula was

S —f dy) dt
b 2 2 2
| j(‘;—’:> () () a
s = fbllf”(t)lldt=fbds

Example. Find the length of the helix on the interval [0,27],7(t) = (3 cost,3sint, 2t)

7#'(t) = (—3sint,3cost,2)
17 (Ol = V9sin?t + 9cos?t + 4 =9 + 4 =13

27
s = V13dt = 2nv13
0

Example.
7(t) = (t? + 1,t3 — 1,4t),[0,3]
7' (t) = (2t,3t?, 4)

17 (O = /4t%2 + 9t* + 16
b 3
- j 17 (Olldt = j JiZ T 9 T Tedt
a 0

Integrated numerically.

Converting a parametric function into a function of its arc length would be by:



t
S() = f 17 ()l du
0

Consider the helix example from earlier:
the helix on the interval [0,27],7(t) = (3 cost,3sint, 2t)

7'(t) = (=3sint,3 cost,2)
7" Ol = \/9Sin2t+9coszt+4 =9+ 4 =+13

Represent the helix in terms of its arc length:

s(t) = ft\/ﬁdu = tV13
0

S
s = t\/1_3 >t =—
Vi3
7(s) = (3 3 25
r(s) = (3cos——, 3sin—,—
T
Curvature:
T dT T' >11
9T 2 ez ]| 2 Tl @ x ol
ds asif  lI# @l HOGIE
dt
_ *'(t
T(e) = ()

7@l

Find the curvature of the helix 7(t) = (3 cost,3sint, 2t)
_ 7'(t —3sint,3cost,2
RNILIGINK )

HOIE Vi3
(—3sin—, 3 cos—
. /— /_
1) = Vi3
?,()_1<_3 5—3'50)
YEUE Vi3 VI3 Vi3 Vi3
1Pl = [ e cos S~ sin o = () e eos -
K = S = \/ﬁ \/ECOS\/.E, \/ESIH\/E’ \/._ \/._ COS\/E sin——

3 , S 4 2 S 3
c0S? —— + sin =—
T 13 V13 V13 13

7=



Use the other version of the formula to find the arclength.

_IF@ <@l
[HOIR

Find the curvature of the helix 7(t) = (3 cost,3sint, 2t)

7'(t) = (—3sint,3cost,2)

7' (t) = (=3 cost,—3sint,0)

i ik

7'(t) x 7" (t) = |=3sint 3cost 2|=(6sint,6cost,9sin’t+ 9cos?t) = (6sint,6cost,9)
—3cost —3sint 0

[|[7(t) x 7" (t)]| = ||[{6sint,6cost,9)| = \/36sin2 t +36cos?t+ 81 =+v36+81 =+117 = 3V13

@ x#OI 313 3WI3 3

FOF (i3 13V13 13

Has a constant curvature.

Find the curvature for
7(t) = (t? + 1,t3 — 1,4t)

7' (t) = (2t, 3t2,4)
7" (t) = (2,6t,0)

17 (Ol = /4t2 + 9t* + 16

_ @ x# @l

[HOIE
ik
() X7 () = |2t 3t2 4| = (—24t,—8,12t? — 6t?) = (—24t,—8,6t?)
2 6t 0

17" (t) x 7" ()| = ||[{(—24t, —8,6t%)| = \/5761:2 + 64 + 36t

3 V576t2 + 64 + 36t4
- 3
(V4t2 +9t* + 16)

K

Find the curvature at a particular point, suchast =1

V676

(1) = ——— ~ 0.166485 ...
T Wy



The radius of curvature, from the idea approximating the curve at a given point with a circle of a
particular radius

1
R~ —
K

293

V676

~ 6.00653

Alternative form for y = f(x).
/" ()l
ERTHGIRRE

Recall

b
s = j 14+ [f'(x)]?dx

The curve has to be in the plane.

Next time surface area and Green’s theorem.



