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Change of Variables/Jacobians (15.10)
Velocity and Acceleration (13.4)

Jacobian
A matrix of the transformation from one coordinate system to another coordinate system

Two-variable case:

Ox Ox
0C,y) _ou av| _ 6_x<6_y> _a_y(a_x)
d(u,v) [0y dy| oul\ov/ oJu\dv
du Jdv
When we replace dA in our integral for dydx, dxdy, the replacement is given by
a(x,y) a(x,y)
el F o) = o, v)| V3

Think about the polar coordinate transformation:
x=rcosf,y=rsinf

dx O0Ox
a(x,y): or 06 _ |cos@ —rsiné
a(r,8) |0y Oy sinf@ rcos@
ar 96

=cosf (rcosf) +sinf (rsinf) =rcos? +rsin’f =r

dA = |r|drd6 = rdrd6

Three variable case:
Ox 0x O0Ox

du v ow
d(x,y,z) |0y 9y 09y

du,v,w) |ou ov ow
0z 0z 0z

ou v ow

da(x,y,2)

AL v W) dudvdw

dV = dzdydx = ‘

Think about spherical transformations:
x =pcosfsing,y =psinfsing,z =pcos¢



ox 0x Ox
dp 06 09 gsi s p
a(x, y,2) dy dy dy C(.)S s.1n ¢ —psin s.m o p cgs cos ¢
—— —=|-—- —= —=|=|sinfOsing pcosfOsing psinbcosg|=
(p.0.4) |0p 06 0¢ cos ¢ 0 —psing

dz 0z 0z

ap 00 ¢

cos O sin¢ (p cosBsingp (—psing) —0)
— (—psin@sing)(sinf sin ¢ (—p sin ) — cos ¢ p sin O cos ¢p)
+ pcosBcosgp (0 —cos¢ppcoshsing) =

—p? cos? @ sin® ¢ — p? sin? @ sin® ¢ — p? sin? O sin ¢ cos? ¢ — p? cos? O cos? P sinp =
p?(—sin3 ¢)(cos? 6 + sin? 8) — p? sin ¢ cos? ¢ (sin? § + cos? 9) =
—p?sin¢ (sin? ¢ + cos? ¢p) = —p?sin¢p
dV = dzdydz = |—p? sin ¢|dpdfd¢p = p? sin ¢ dpdOd¢p

Example.
Evaluate the integral [[ ydA over the region bounded by the parabolas y? = 4 — 4x,y? = 4 + 4x

2

Use the change of variables x = u* — vz,y = 2uv

06y) _12u —2v
o(uw,v) 12v  2u

| = 4u? + 4v?

101
ff 2uv(4u? + 4v?)dudv = f f 2uv(4u? + 4v?)dudv
0 Jo

101 1,1 1
J J 2uv(4u? + 4v?)dudv = f f 8u3v + 8uvddudv = f [2u*v + 4u?v3]idv =
0 Jo 0 Jo 0

1
f2v+4v3dv=v2+v4|})=1+1=2
0



Check the value:

y?=4-—4x
y2—4=—4x
1 1 2

37 T
y? =4+ 4x
y? —4 = 4x
1 2 1=
g7 T
2 1—%3/2
ff ydxdy
-2 %yz—l

Example.
x+_y
Evaluate [[ ex-ydA where the region is the trapezoid with vertices (1,0), (2,0), (0,—2), (0, —1)

(110)1 (01'1)
m = 1 =
y=x—1
(210)1(01-2)
m = ) =
y=x—2

Based on the function, it looks like x+y, and x-y would be useful as substitutions for the function, can we

make our lines look like one of these?

y—x=-1
y—x=-2
x—y=1

XxX—y=2



Let u=x-y [1,2]
If I let v=x+y, | need to find the limits in v

One method is to solve for x and y in terms of u and v.
utv=x—-y+x+y=2x

1
x—z(u+v)

u—v=x-y—(x+y)=x—-y—-x—-y=-2y
1 1
yz—z(u—v)zz(v—u)

_(1)( 4 )+(1)( )_1 +1 +1 1 _
v = 5 u v ) v u—zu 217 217 Zu—v

u=%(u+v)—(%)(v—u)=u

Limits in v are [-u,u]
Find the Jacobian:

1
ix,y) |2
dwv) | 1
2

2 u gy 1
f f eu (—) dvdu
1 J-u 2

One potential issue, if this does not integrate all the way, you can try switching the transformation (to let
u=x+y, v=x-y instead).

N RN| =
el B
el B
N~

2 2 e 1_1(33 3)
2 2e

1f2 2 )|ud 1f2 u 1[1 , 1 2] L N

— u = — —_— = —|— _— = — —_——_——— —_—=

7 ) e du=g | uemgdu=gauwe—oow| =36 -9t 573
3e 3

4 4e



Velocity and Acceleration on space curves

Example.
A moving particle has an initial position of (1,0,0) = 7(0), and an initial velocity of 7(0) = (1, —1,1). If
its acceleration is given by d(t) = (4t, 6t, 1), find it’s velocity vector and position vector at any time t.

v(t) = f a(t)dt = f(4t, 6t, 1)dt = (2t2 + C1,3t? + C,,t + C3)

20002+C,=1-C; =1
3002+ C,=-1 - C, = -1
0+C3=1_>C3=1

v(t) = (2t2 +1,3t> - 1,t + 1)

2 1
?(t)=f13(t)dt=f(2t2+1,3t2—1,t+1)dt=(§t3+t+C1,t3—t+C2,Et2+t+C3)

2
5(0)3+0+61=1—>61=1
1(0)3—0+C2:0—>CZ=0
E(0)2+0+C3=0—>C3=0

2 2 3 3 1 2
r(t)=(§t +t+1,t —t,zt +t)

Projectile motion:
1
7(t) = ((vg cos a)t, (vy sina)t — Egtz)

a is the angle at which the projectile is launched

g is the gravity constant.

This formula assumes you are launching from the ground, at h if launching from a position above the
ground.

Next time, last section on center of mass.



