
MTH 277, Homework #6, Spring 2025  Name _____________________________________________ 
 
Instructions: Write your work up neatly and attach to this page.  Record your final answers (only) 
directly on this page if they are short; if too long indicate which page of the work the answer is on and 
mark it clearly.  Use exact values unless specifically asked to round. 
 

1. Evaluate the integral.  Sketch or describe the region 
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2. Set up an integral and use it to evaluate the integral over the region 𝑅. 

a. sin sin
R

x ydA ; R: rectangle with vertices (−𝜋, 0), (𝜋, 0), (𝜋, 𝜋/2), (−𝜋, 𝜋/2) 

b. 
y

R

xe dA ; R: triangle bounded by 4 , 0, 0y x y x= − = =  

c. 
2 2( )

R

x y dA+ ; R: semicircle bounded by 24 , 0y x y= − =  

 
3. Set up a double integral to find the volume of the solid bounded by the graphs of the equations. 

a.  , 0, , 1z xy z y x x= = = = , first octant  c. 2 2 2 2x y z r+ + =  
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4. Use polar coordinates to find the volume of the solid bounded by the graphs of the equations. 

a. 2 2, 1, 0, 0, 0z xy x y y x z= + =     d. ( )2 2 2 2 2 2ln , 0, 1, 4z x y z x y x y= + = +  +   

b. 𝑓(𝑟, 𝜃) = 1 + sin(𝑟) over the region bounded by 𝑟 = 2 + cos(𝜃) between 0 ≤ 𝜃 ≤
𝜋

2
. 

c. 𝑧 = √16 − 2𝑟2, 𝑖𝑛𝑠𝑖𝑑𝑒𝑡ℎ𝑒𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟𝑟 = 2𝑎𝑛𝑑𝑏𝑜𝑢𝑛𝑑𝑒𝑑𝑏𝑦𝑟 = sec(𝜃) in the first octant. 
 

5. Evaluate the integral.  Sketch or describe the region. 
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f.  ∫ ∫ ∫ √𝑥2 + 𝑦2𝑑𝑧𝑑𝑦𝑑𝑥
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     [Hint: you may want to change the coordinates 

for this integral.] 
 

6. Change the order of integration of these integrals and integrate the result. 

a. ∫ ∫ 𝑥√1 + 2𝑦3𝑑𝑦𝑑𝑥
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7. Set up an integral to find the volume of the solid.   

a. The solid that is bounded by the coordinate planes and 𝑧 = 9 − 𝑥2, 𝑦 = 2𝑥. 
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8. Find the volume of the solid using a triple integral and either cylindrical or spherical coordinates. 

a. The solid inside 2 2 2 16x y z+ + =  and outside 2 2z x y= + . 

b. The solid that is the common interior below the sphere 2 2 2 80x y z+ + =  and above the 

paraboloid ( )2 21

2
z x y= + . 

c. The volume of the cone with height ℎ and radius 𝑎. 
 

9. Change the order of integration and find the value of the integral. 

a. ∫ ∫ 𝑒−𝑦
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10. Convert the integrals from rectangular to polar to integrate.  Find the value of the integrals. 

a. ∫ ∫ (𝑥2 + 𝑦2)3/2𝑑𝑦𝑑𝑥
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11. Convert the following problems into the indicated coordinate system.  Find the value of the 
integral. 

a. ∫ ∫ ∫ √𝑥2 + 𝑦2𝑑𝑧𝑑𝑦𝑑𝑥
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b. ∫ ∫ ∫ √𝑥2 + 𝑦2𝑑𝑧𝑑𝑦𝑑𝑥
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c. ∫ ∫ ∫
1
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0
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d. ∫ ∫ ∫ cos(𝑥2 + 𝑦2) 𝑑𝑧𝑑𝑦𝑑𝑥
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e. ∫ ∫ ∫ cos(√𝑥2 + 𝑦2 + 𝑧2)𝑑𝑧𝑑𝑦𝑑𝑥
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12. Find the area of one loop of 𝑟 = cos 3𝜃 using a double integral. 

 
13. Use the idea that gradients are perpendicular to level curves to sketch the gradient field for the 

graph below.  Assume that blues are lower values, and reds are larger values to determine the 
direction of your vectors.  Note any critical points or other interesting features, including saddle 
points. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

14. For each of the gradient fields below, graph at least 5 level curves using the fact that the 
gradient is perpendicular to the level curves.  Use that information to determine if the critical 
points are maxima, minima, or saddle points. 



a.                                                                     c.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b.                                                        d. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

15. Following the method in the Gradients and Level Curves handout, for each of the following 
equations, analyze the graph by graphing the partial derivatives and analyzing the gradient field 
in each region of the plane.  Label and categorize any critical points. Use technology to confirm 
your results. 
a. 𝑓(𝑥, 𝑦) = 𝑥𝑦    f. 𝑔(𝑥, 𝑦) = sin(𝑥) cos(𝑦) 

b. 𝑘(𝑥, 𝑦) = 4 − 𝑥2 − 4𝑦2   g. 𝑚(𝑥, 𝑦) =
𝑥

1+𝑥2+𝑦2
 

c. 𝑝(𝑥, 𝑦) =
𝑥+𝑦

𝑥2+𝑦
    h. 𝑞(𝑥, 𝑦) = 3𝑥3 − 12𝑥𝑦 + 𝑦3 

d. 𝑟(𝑥, 𝑦) =
1

𝑥
+

1

𝑦
+ 𝑥𝑦   i. 𝑠(𝑥, 𝑦) = 𝑥2 + 4𝑥𝑦 + 𝑦2 − 4𝑥 + 16𝑦 + 3 

e. 𝑡(𝑥, 𝑦) = 4𝑥2 − 𝑦 
 

16. Find and categorize any critical points using the second-partials test. 
a. 𝑓(𝑥, 𝑦) = 𝑥2 + 𝑥𝑦 + 𝑦2 + 𝑦 
b. 𝑓(𝑥, 𝑦) = 𝑦3 + 3𝑥2𝑦 − 6𝑥2 − 6𝑦2 + 2 



c. 𝑓(𝑥, 𝑦) = 𝑥𝑦(1 − 𝑥 − 𝑦) 
d. 𝑓(𝑥, 𝑦) = 𝑦2 − 2𝑦cos(𝑥) 

 
17. Find the absolute extrema for each function on the indicated region. 

a. 2( , ) , :{( , ) | 2 2, 1 1}f x y x xy R x y x y= + −   −    

b. ( , ) 12 3 2f x y x y= − −  on the region bounded by the triangle with vertices (2,0), (0,1) and 

(1,2). 

c. 2 2( , ) 2 2 , :{( , ) | , 1}f x y x xy y R x y y x y= − +    

d. 𝑓(𝑥, 𝑦) = 𝑥2 + 𝑦2 + 𝑥2𝑦 + 4, 𝑅: {(𝑥, 𝑦)||𝑥| ≤ 1, |𝑦| ≤ 1} 
e. 𝑓(𝑥, 𝑦) = 2𝑥3 + 𝑦4, 𝑅: {(𝑥, 𝑦)|𝑥2 + 𝑦2 ≤ 1} 

 
18. For each of the gradient fields below, characterize the critical point(s) as a maximum, minimum 

or saddle point. 

a.  c.  

b.   d.  
 

19. Describe and sketch the level surfaces.  Use technology to confirm your results. 
a. 𝑓(𝑥, 𝑦, 𝑧) = 𝑥 + 3𝑦 + 5𝑧   c. 𝑓(𝑥, 𝑦, 𝑧) = 𝑥2 + 3𝑦2 + 5𝑧2 
b. 𝑓(𝑥, 𝑦, 𝑧) = 𝑦2 + 𝑧2   d. 𝑓(𝑥, 𝑦, 𝑧) = 𝑥2 − 𝑦2 − 𝑧2 

 
 
 


